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There has been a revival of interest in localization phenomena in quasiperiodic systems with a
view to examining how they differ fundamentally from such phenomena in random systems. Mo-
tivated by this, we study transport in the quasiperiodic, one-dimentional (1d) Aubry-Andre model
and its generalizations to 2d and 3d. We study the conductance of open systems, connected to leads,
as well as the Thouless conductance, which measures the response of a closed system to boundary
perturbations. We find that these conductances show signatures of a metal-insulator transition from
an insulator, with localized states, to a metal, with extended states having (a) ballistic transport
(1d), (b) superdiffusive transport (2d), or (c) diffusive transport (3d); precisely at the transition, the
system displays sub-diffusive critical states. We calculate the beta function β(g) = d ln(g)/d ln(L)
and show that, in 1d and 2d, single-parameter scaling is unable to describe the transition. Further-
more, the conductances show strong non-monotonic variations with L and an intricate structure of
resonant peaks and subpeaks. In 1d the positions of these peaks can be related precisely to the prop-
erties of the number that characterizes the quasiperiodicity of the potential; and the L-dependence
of the Thouless conductance is multifractal. We find that, as d increases, this non-monotonic de-
pendence of g on L decreases and, in 3d, our results for β(g) are reasonably well approximated by
single-parameter scaling.
The single-parameter scaling theory of Abrahams, et
al., [1] has played an important part in our understand-
ing of Anderson localization and metal-insulator tran-
sitions in disordered systems, e.g., non-interacting elec-
trons in a random potential [2]. Localization phenomena
are, however, not only restricted to random systems, but
also occur in other systems, the most prominent exam-
ples being systems with quasiperiodic potentials [3–11].
Recently such quasiperiodic systems have attracted a lot
of attention because of the experimental observation of
many-body localization (MBL) in quasiperiodic lattices
of cold atoms [12]. These have brought back into fo-
cus the need to examine the essential similarities and
differences between random and quasiperiodic systems
at the level of eigenstates [3–11], dynamics [13–15], and
universality classes of localization-delocalization transi-
tions [16]. It has also been argued [16] that quasiperiodic
systems provide more robust realizations of Many Body
Localization (MBL) than their random counterparts be-
cause the former do not have rare regions, which are lo-
cally thermal. Therefore, we may find a stable MBL
phase in dimension d > 1 in a quasiperiodic system, but
not in a random system, where the MBL phase may be
destabilised because of such rare regions [17, 18].
Non-interacting quasiperiodic systems exhibit
delocalization-localization transitions even in one
dimension (1d), unlike random systems in which all
states are localized in dimensions d = 1 and 2 for
orthogonal and unitary symmetry classes [19]. The
simplest rationale for the absence of a metallic (delo-
calized) state in low-dimensional random systems and
the continuous nature of the localization-delocalization
transition in three dimensions (3d) is provided by the
single-parameter-scaling theory [1], which has been
proposed originally for random systems. This the-
ory relies on only a few general premises: (a) there
is a length(L)-dependent, dimensionless conductance,
g(L) = G(L)/(e2/h); (b) there is a single relevant scaling
variable such that d log(g)/d log(L) = β(g) depends only
on g; (c) there is a continuous and monotonic variation
of β(g), with well-known asymptotic behaviors for small
and large conductances. Even though the conductance
g(L) of a finite system (a) fluctuates strongly and
(b) is a non-self-averaging quantity [20–22], a large
number of numerical studies [23–25] have provided the
justification for the single-parameter scaling theory, at
least in a weak sense [26] for typical or average con-
ductances [24–26]. Hence, to distinguish quasiperiodic
systems from random ones, it is natural to ask whether
there is a single-parameter-scaling description of the
delocalization-localization transition in quasiperiodic
systems or whether quasiperiodic systems evade one or
more of the assumptions of the scaling theory. This
question is particularly relevant now because a recent
study [27] suggests that the delocalization-localization
transition in a 3d, self-dual, quasiperiodic model is in the
same universality class as the conventional 3d Anderson
transition in a random system. Hence, we might expect,
na¨ıvely, that single-parameter scaling holds, at least, for
this class of 3d quasiperiodic systems. We examine this
na¨ıve expectation in detail.
Some recent works [13–15] have examined open-system
transport and closed-system wave-packet dynamics in
quasiperiodic chains, described by the Aubry-Andre
model [3] and its variants [28, 29], and shown that the
delocalization-localization critical point exhibits anoma-
lous behavior: An initially localized wave packet spreads
diffusively or superdiffusively with time in an isolated
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2system, whereas the conductance, at high or infinite tem-
perature, shows subdiffusive scaling with system size, i.e.,
g ∼ Lα with α < −1, for open chains connected, at its
ends, to two infinite leads [13, 14]. These results indi-
cate quasiperiodic systems have much richer transport
properties, at this critical point, than random systems.
We carry out a systematic characterization of elec-
tronic transport in the quasiperiodic, 1d Aubry-Andre
model and in its 2d and 3d generalizations. We show
that there are significant deviations from the expecta-
tions based on the single-parameter-scaling theory that
applies to random systems. We study the conductance
of open systems connected to leads as well as the Thou-
less conductance, which is a property of a closed sys-
tem. Depending on the dimension d, these conductances
show signatures of the insulator-metal transition from
an Anderson insulator to (a) a ballistic metal in 1d, (b)
a superdiffusive metal in 2d, or (c) a metal with diffu-
sive transport in 3d. Precisely at the transition, the
system displays subdiffusive critical states. We calcu-
late the beta function β(g) = d ln(g)/d ln(L) and show
that, in 1d and 2d, the single-parameter scaling is unable
to describe the transition. Moreover, the conductances
show strong non-monotonic variations with L and a sub-
tle structure of resonant peaks and subpeaks. In 1d, we
find that (a) the positions of these peaks can be related
to the properties of the irrational number that charac-
terizes the quasiperiodicity of the potential and (b) the
L-dependence of the Thouless conductance is multifrac-
tal. We find that, as d increases, this non-monotonic
dependence of g on L weakens and, in 3d, our results for
β(g) are well described by single-parameter scaling.
The remainder of this paper is organised as follows.
In Sec. I we describe the models and give a detailed
overview of our main results. Section II is devoted to
the description of our results for Thouless and Landauer
conductances and beta function. In Sec. III we discuss
the implications and significance of our results.
I. MODEL AND OVERVIEW OF RESULTS
We study scaling of the conductance g with the system-
size L across the localization-delocalization (insulator-
metal) transition in the well-known 1d quasiperiodic
Aubry-Andre Hamiltonian [3]
H =
∑
r
(eiφc†rcr+1 + h.c) + 2V
∑
r
cos(2pibr + φ)c†rcr,
(1)
and its d-dimensional generalizations [27] (see Ap-
pendix A). We set to unity the hopping amplitude of
electrons, which are created by c†r on the site r, and
we characterize the on-site quasiperiodic potential by its
strength V and an irrational number b, which we choose
to be a quadratic irrational, e.g., the golden ratio con-
jugate b = Φ = (
√
5 − 1)/2. The phase φ ∈ [0, 2pi)
induces a shift of the potential, so we use it to gener-
ate a statistical ensemble for a fixed b. This model (1)
and its generalizations to 2d and 3d (Appendix A) are
all self-dual at V = 1. In 1d, this self-dual point coin-
cides with the delocalization-localization transition be-
tween a localized insulator (V > 1) and a ballistic metal
(V < 1) [3]; by contrast, in 3d, the self-dual point lies
within a diffusive-metal phase, which separates localized
and ballistic phases. These two phases are connected by a
real- and momentum-space duality, akin to that in the 1d
model [27]; so, in 3d, we expect the localized-to-diffusive
metal and ballistic-to-diffusive metal transitions to be
dual to each other [27]. We carry out detailed studies
of electrical transport in all these phases and across the
transitions between them in the 1d Aubry-Andre model
and its generalizations to 2d and 3d. We summarize our
principal results below.
We compute the Thouless, gTh(E,L), and Landauer,
gL(E,L), conductances, at a given energy E, for a hy-
percube of volume Ld (d = 1, 2, and 3), as a function
of the length L and at zero temperature; we obtain the
averages of these conductances by varying φ. We find
that even the typical conductances, g(L) (either g = gT
or gL) are strongly non-monotonic function of L; this im-
plies that a strict application of single-parameter-scaling
theory is untenable, especially in 1d and 2d. This non-
monotonicity is present in 3d too, but it is weaker than in
2d and 1d. The average L dependence of these conduc-
tances, in 1d and 2d, for the localized, critical, and de-
localized states, can be characterized by average, smooth
curves (denoted generically by g˜(L)); from these smooth
curves we can obtain the associated beta functions β(g˜)
for large system sizes.
In 1d, these β functions show discontinuous jumps as
we go from localized [β(g˜) ∼ ln(g˜)] to ballistic metallic
states across the transition at V = Vc = 1; the critical
state exhibits sub-diffusive power-law scaling, g˜ ∼ Lα
such that β(g˜) = α < d − 2 = −1. This subdiffusive
scaling is less clear in 2d than in 1d because the onset of
the scaling regime occurs only above a large, microscopic
length scale `; nevertheless, our calculation of the open-
system conductance in 2d suggests a similar jump in the β
function via a sub-diffusive critical state at Vc = 1. Fur-
thermore, instead of ballistic scaling for the conductance
in the metallic phase, we find super-diffusive behavior,
with a constant β(g˜) that lies between d− 2 and d− 1.
Our results in 3d are consistent with a continuous
metal-insulator transition at Vc ' 2.2. We obtain scaling
collapse for gL(L) near the transition, with a correlation-
length exponent ν ' 1.6, a value that is close to the
value of this exponent for the Anderson-localization tran-
sition in 3d (as found in the recent study of Ref. [27],
which used moments of the wave function). Moreover,
we obtain a continuous β function from this scaling col-
lapse; this suggests that the single-parameter-scaling the-
ory is a good approximation for the 3d quasiperiodic sys-
tem we consider. However, a weak, non-monotonic L-
dependence of the conductance remains and indicates de-
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FIG. 1. Length-dependent conductances and multifractality in the Auby-Andre model in 1d and its 2d and 3d
generalizations. (a) Semilog plots versus L of the conductances gT (Thouless) and gL (Landauer) at illustrative values of V
in the metallic (V = 0.95) and insulating (V = 1.05) regimes in 1d. On the metallic side, both gT and gL show non-monotonic
(roughly speaking, small-wavelength) fluctuations about an L-independent mean value. On the insulating side, g2T ∝ gL; both
gL and gT decay exponentially with L, the latter only on average because gT still displays non-monotonic fluctuations (enlarged
view in the inset). (b) Log-log plots versus L of the Thouless conductance gT, at the 1d critical point V = 1, showing an average
decay (dashed red line) with gT ∝ Lα and α ' −1.8, with hierarchically organized peaks, whose heights also decay as a power of
L but with different exponents (for notational simplicity denoted generically by α), which depend on SL1,L2 , the set of peaks at
the lengths Li+1 = Li +Li−1, with the seed lengths L1 and L2; for the illustrative sets S1,1 (green filled circles) and S2,2 (blue
filled circles) we obtain the decay exponents ' −0.95 and ' −1.22, respectively. (c) Log-log plots versus L of the Landauer
conductance gL, at the 1d critical point V = 1, showing an average decay gL ∝ Lα(E), with energy-dependent exponents
α(E), shown for the representative energies E1 = 0 (α(E1) ' −1.01), E2 = 1.98496 (α(E2) ' −1.0), and E3 = 0.18906032
(α(E3) ' −2.2; see text); note the non-monotonic fluctuations about these mean-decay lines. (d) This non-monotonicity in
log-log plots of gT(L) versus L persists in 2d and 3d (inset), as we show by illustrative data at the the metal-insulator critical
points; in 2d, the critical gT(L) ∼ L−0.21 exhibits an overall subdiffusive scaling. (e) A fractal analysis of the L-dependence
of the energy-averaged gT, i.e., g
∞
T , versus (see Supplementary Information, Sec.S1 2 and the main text) reveals multifractal
scaling of the non-monotonic variations of gT(L) at the critical point. (f) A plot of the singularity spectrum f(α) versus α
corroborates this multifractality (see main text); note that the singularity spectrum narrows on the metallic side V < 1.
viations from strict, single-parameter scaling. We do not
find a sharp transport signature of the diffusive-metal-to-
ballistic transition at V ' 1/Vc, which we expect from
duality [27]. Given the system sizes we have been able to
use in our study in 3d, we find that the metallic phase,
for V <∼ 1/Vc, exhibits super-diffusive scaling for g˜L(L),
with a V -dependent exponent 1 < α < 2 that approaches
the ballistic limit (α = 2) asymptotically for V → 0.
The non-monotonic variation of the conductance with
L is most prominent in 1d, especially for gT(L), which
exhibits resonant transport peaks for sequences of L that
depend on the particular quadratic irrational number we
use; e.g., for b = Φ, different sequences of peaks occur
at the Fibonacci numbers and their combinations. At
the critical point, each one of these sequences exhibits
power-law scaling, i.e., gT(L) ∼ Lα with the exponent α
ranging from the almost-diffusive (α ' −1) to the sub-
diffusive (α < −1) values for different sequences. We
carry out a fractal analysis [30] of the gT versus L plot
to obtain multifractal scaling; we quantify this multifrac-
tality of the non-monotonic variations of gT with L via
the singularity spectrum f(α) [30]. (We use the standard
notation α for the crowding index [31]; this should not
be confused with the exponent α for the power-law scal-
ing of the conductances.) At the critical point, we find
a broad singularity spectrum f(α); this narrows in the
metallic phase. Such multifractal scaling of the conduc-
tances, as a function of L, is a fundamental difference
between quasiperiodic and random systems.
We show that gL(L) also fluctuates with L; however, it
does not exhibit prominent resonant peaks at distinct se-
quences of lengths, even in 1d. Hence, our results indicate
a clear distinction between isolated and open-system con-
ductances, as measured through Thouless and Landauer
4conductances, respectively. Our results reveal very rich
transport properties for finite-size quasiperiodic systems;
especially in 1d and 2d, these properties are significantly
different from their counterparts random systems.
In the next Section we discuss our results in detail. We
give some additional aspects of our calculations and nu-
merical computations in the Supplementary Information.
II. RESULTS
A. Thouless conductance
We first characterize the response of our isolated, finite
system to boundary perturbation through the Thouless
conductance, gT = δE/∆E , where δE is the geometric
mean of the shift of the energy levels, around energy E,
when we change the boundary conditions from periodic,
ψ(rµ+L) = ψ(rµ), to antiperiodic, ψ(rµ+L) = −ψ(rµ),
[32, 33], in a particular direction µ = 1, . . . , d; ∆E is
the mean level spacing at energy E (see Supplemen-
tary Information, Sec.S1 1). In a diffusive metal, gT
can be argued to be the same as the usual Landauer
gL [32–34] and, in the insulating state, it is expected that
ln(gL) ∝ ln(gT) [35]. However, it should be noted that gT
is a property of a closed, finite system with discrete en-
ergy eigenvalues; by contrast, in the usual transport set
up, the system is connected to infinite leads and hence
it has a continuous spectrum. As we show below for the
quasiperiodic system we consider, this makes gT(L) sig-
nificantly different from gL(L).
We obtain the mean 〈gT〉(E,L) or typical conduc-
tance exp (〈ln gT(E,L)〉) at an energy E by comput-
ing single-particle energy eigenvalues, for both peri-
odic and antiperiodic boundary conditions, via numer-
ical diagonalization of the Hamiltonian in Eq.(1) or its
d-dimensional generalizations [Eq.(A1), see Methods],
without the phase factor in the hopping term. The typi-
cal and mean Thouless conductances give similar results
in 1d. The latter, gT at E = 0, is plotted versus L
for b = Φ in Figs.1, for insulating and metallic phases
[Fig.1(a)] and also at the critical point V = 1 [Fig.1(b)].
We find strong non-monotonicity of gT(L). We first
characterize its overall L dependence by a smooth least-
square-fitting curve g˜T(L), which shows ballistic behav-
ior in the metallic phase, i.e., g˜T independent of L; in
contrast, the conductance in the localized phase is well
described by g˜T(L) ' g0(V )e−L/ξ even very close to the
transition, V >∼ Vc; g0 denotes conductance at a micro-
scopic length scale ` ≈ 1 and varies with V . However,
the critical state exhibits an overall power-law depen-
dence on L, g˜T ∼ Lα [the dashed red line in Fig.1(b)]
with α ' −1.8 up to the maximum system size we have
studied (L = 3000).
The non-monotonicity of the Thouless conductance is
clearly manifested in the peak and sub-peak structure
of gT(L), in both the metallic and insulating phases
[Fig.1(a)]. These peaks are most striking at the critical
point [Fig.1(b)], where we find hierarchically organized
peaks, whose heights decay as a power of L but with dif-
ferent exponents (for notational simplicity denoted gener-
ically by α), which depend on SL1,L2 , the set of peaks
at the lengths Li+1 = Li + Li−1, with the seed lengths
L1 and L2; for the illustrative sets S1,1 (green filled cir-
cles and Li = Fi, the Fibonacci numbers) and S2,2 (blue
filled circles and Li = 2Fi) we obtain the decay expo-
nents ' −0.95 and ' −1.22, respectively. We can also
identify similar sequences of peaks in the metallic and
insulating phases [Fig.1(a)]. The development of a quan-
titative theory of these peaks and their decay exponents
αS is an important challenge.
Similar resonance peaks have been seen at high- or
infinite-temperature open-system transport [13–15]; how-
ever, this resonance effect is much more striking in the
gT that we calculate. We find similar resonant peaks
for the energy-averaged or infinite-temperature Thou-
less conductance g∞T as well (see Supplementary Informa-
tion). The existence of sharp resonant peaks in gT(L),
upto arbitrary large lengths, is a special feature of 1d
and points to markedly distinct transport characteris-
tic of quasiperiodic system compared to random systems
in 1d. We find the the resonant peaks to be present
in 2d and 3d, albeit much less prominently than in 1d,
as we show in Fig.1(d) at the metal-insulator transition
V = Vc.
Conductance multifractality:
We next ask whether the strong, non-monotonic vari-
ations of gT with L in 1d [Fig.1(a),(b)] can be quantified
in a broader framework, rather than relying, e.g., on the
number-theoretic details for specific choices of the irra-
tional number. Motivated by the multiple power laws
in Fig.1(b) for different sequences of L, we carry out a
fluctuation analysis [30] of gT, as function of L, by using
methods that are used to treat fractal time series (see
Supplementary Information). We find the intriguing re-
sult thath gT(L) exhibits multifractal scaling of different
moments, as we show for a few moments in 1(e). We also
calculate the singularity spectrum [30, 31, 36] of gT(L)
(see Supplementary Information). As shown in Fig.1(f),
this singularity spectrum f(α) indicates substantial mul-
tifractality at the critical point; it narrows in the metal-
lic phase, but a substantial multifractality still persists
there. A meaningful multifractal analysis cannot be per-
formed in the insulating phase because the values of the
conductance become exponentially small with L. We em-
phasize that the multifractality of conductance reported
here is distinct from usual multifractality of wavefunc-
tion or two-point conductance [19] at the 3d Anderson
transition for random systems. In the latter, typical and
mean conductances are monotonic functions of L, and, as
a result, the particular multifractality of gT(L), which we
find here for 1d quasiperiodic system, would be absent.
To this end, we show in the Supplementary Information
that the usual multifractality of the critical wavefunction,
as in the 3d Anderson criticality [19], is also present for
quasiperiodic systems in 1d [37–39].
5−0.4
−0.35
−0.3
−0.25
−0.2
−0.15
−0.1
5 5.1 5.2 5.3 5.4 5.5
2D(a)
     V
0.95
1.0
1.05
ln
(g
K)
−4
−3
−2
−1
0
1
ln(L)3.5 4 4.5 6 6.5 7
scaling collapse
data
(c)
ln
(g
K)
−4
−3
−1
0
L/ξ10−5 10−4 10−3 0.01
3D
      V
2.0
2.15
2.23
2.3
2.4
(b)
ln
(g
K)
−4
−3
−2
−1
0
ln(L)
10 15 20 25 30
(d)
ln
(g
K)
1
2
5
6
ln(L)
1.5 2 2.5 3 3.5
       V    α 
0.10, 1.73
0.35, 1.35
0.40, 1.35
0.45, 1.34
0.50, 1.3
ln(g
K )
−3
−2.5
−2
−1.5
−1
V
2.1 2.15 2.2 2.25 2.3
FIG. 2. Open-system conductance in 2d and 3d. (a) gK(E = 0, L) for insulating (V = 1.05), critical (V = 1) and metallic
(V = 1) states in 2d. The solid black lines are fitting of the data for the asymptotic L dependence, exponential decay for
the insulating state and powerlaw scalings for critical and metallic states. The non-monotonicity of gK(L) is shown in the
inset. (b) Shows gK(L) across localized to diffusive metal transition in 3d. A weak non-monotonic variations, larger than the
errorbars, can be seen. The solid lines are fit to the data obtained via scaling collapse, shown in (c). The inset in (c) clearly
indicates the critical point at Vc = 2.22± 0.01 in terms of a crossing of gK vs. V curves for different L. (d) Conductance near
V = 1/Vc ' 0.45 follows super-diffusive scaling, gK ∼ Lα with 1 < α < 2, as shown by the fits (solid lines) to the data points
and it asymptotically approaches to the ballistic scaling deep in the metallic side, e.g. α = 1.73 for V = 0.1 as shown.
We have not been able to carry out a detailed multi-
fractal analysis of gT(L) in d = 2, 3 because of the lim-
itations of the system sizes that we can obtain, for the
Thouless conductance calculation, which require the nu-
merical diagonalization of large matrices. Moreover, the
scales of the non-monotonic variations are much weaker
in 2d and 3d, compared to those in 1d, as is evident from
Figs.1(b),(d).
B. Open-system conductance
We next study the conductance of open systems, start-
ing with Aubry-Andre chain connected to two semi-
infinite leads at both ends. In this case, we compute
Landauer or Economou-Soukoulis conductance gL(E) =
T (E) [40, 41], where T (E) = 4 sin2 k/|e−ikψ(L)−ψ(L−
1)|2, is the transmission coefficient at energy E = 2t cos k,
t being the hopping in the tight-binding leads, and wave-
function amplitudes ψ(L), ψ(L − 1) are obtained using
standard transfer matrix method (see Supplementary In-
formation). For higher dimensions d = 2, 3, we calculate
the open-system conductance gK using Kubo formula for
the system connected with leads using recursive Green
function method [23, 25] (see Supplementary Informa-
tion). The open-system Kubo condactance gives results
identical to Landauer conductance [42], as we have veri-
fied for 1d by calculating both gL and gK.
One dimension:
The results for φ-averaged typical conductance
exp 〈ln gL(E = 0, L)〉, denoted by gL for brevity, are plot-
ted in Figs.1(a),(c) across metal-insulator transition in
1d. The overall length dependence in the metallic and
insulating phases are same as that of gT(L), namely bal-
listic and localized behaviors with L, respectively. How-
ever, the transport at the critical point is almost diffusive
with gL ∼ L−1.01 for E = 0. Since the 1d Aubry-Andre
chain has a fractal energy spectra dominated by gaps
[4, 7–10], it is hard to track the L dependence for an ar-
bitrary energy as it can move into a gap as L is varied.
As a result gL(E) can cease to show the powerlaw scal-
ing and instead exhibit an exponentially decay with L
. However, the nearly diffusive powelaw could be clearly
observed till the largest system size (L = 5×104) studied
for E = 0. For a few other energies the powelaw could
be tracked till sufficiently large L as shown in Fig.1(c).
Conductance at one of the energies (E ' 0.189) shows
strongly subdiffusive behavior with α ' −2.22. Since
conductances at diffrent energies show a range of scaling
from diffusive to subdiffusive, it is possible to obtain a
6overall subdiffusive conductance scaling at higher tem-
perature that averages over a large energy window, as in
the earlier studies [13–15]. To summarize, both gL and
gT indicate the presence of multiple powelaws, depend-
ing on energy and/or the sequence S. Also, we find the
relation gL ∝ g2T [34] to hold in the insulating phase,
however, not at the critical point, since gL(E = 0) and
gT(E = 0) follow different powelaws with L.
As is evident from Figs.1(a),(c) (see also Figs.S3(a)-
(d), Supplementary Information), the Landauer conduc-
tance in 1d also shows strong non-monotonic dependence
on L, both in the metallic and critical state, even after
averaging over sufficiently large number of φ’s (see Meth-
ods) and there are peaks and subpeaks as in gT, e.g. the
dominant peaks appear at some of the Fibonacci num-
bers. However, peaks are much weaker and do not ap-
pear at all Fn’s. The weakening, and the absence in some
cases, of the conductance peaks in open-system conduc-
tance, as opposed to that in gT, indicate that the leads
have rather drastic effect on the system in the form of
broadening and even washing out the resonances.
Two dimensions:
The open-system Kubo conductance gK(L) for E = 0
in 2d is shown in Fig.2(a). Our results for system
sizes up to 10002 are consistent with a metal-insulator
transition at V = Vc = 1, the self-dual point. The
conductance in the localized phase, as in 1d, follows
gK(L) ' g0(V ) exp(−L/ξ) for V > Vc. The metallic
phase for V < Vc is superdiffusive having gK(L) ∼ Lα
with d − 2 < α ' 0.35 < d − 1, lying between diffusive
and ballistic limits. Here g0(V ) is the conductance at a
microscopic lenght scale `. We find the asymptotic scal-
ing behaviors to set in only for L `, where the micro-
scopic length `(V ) is substantially large, varying between
L = 50 − 500 depending on V . ballistic increase (not
shown in Fig.2(a)), followed by an intermediate regime of
length, only above which the scaling regimes ensue. The
critical point at V = Vc exhibits a subdiffusive length
scaling of conductance with α ' −0.52. Again, strong
non-monotonic variations of gK(L) is observed in all the
phases, as demonstrated, e.g., in the inset of Fig.2(a) for
the critical state.
Three dimensions:
The results for the 3d conductances gK(L) are shown
in Fig.2(b) up to L = 30 near V = 2.2. As evident, non-
monotonic variations of gK(L), though present, are dras-
tically reduced for 3d, in contrast to those in 1d and 2d
[Figs.1(a),(c) and Fig.2(a)]. A critical point at V = Vc '
2.2 can be clearly detected from the crossing of curves
as function of V for different system sizes, as shown in
the inset of Fig.2(c). The crossing also indicates a scale
invariant conductance at the critical point. A reasonably
good scaling collapse of the data using a single-parameter
finite-size scaling form ln (gK(L)) = F((Vc − V )L1/ν)
could be obtained near the critical point, as shown in
Fig.2(c). The finite-size scaling yields ν = 1.60 ± 0.04
and Vc = 2.22 ± 0.01, consistent with earlier study in
ref.[27] using multifractal finite-size scaling analysis of
wave function of closed system. The universal scaling
curve describes the gK(L, V ) data quite well as shown by
the solid lines in Figs.2(b) and (c)(inset). This is in tune
with a continuous metal-insulator transition in 3d, un-
like those in the 1d and 2d quasiperiodic systems. More-
over, this is consistent with single-parameter scaling law,
β(g) = d ln g/d lnL, in the weaker sense [26] in the 3d
quasiperiodic system. However, the persistence of weak
non-monotonic system-size variations in the typical con-
ductance still violates the assumption of monotonicity of
β(g) in the scaling theory [1]. The weak non monotonic-
ity, though, could be due to limited system sizes accessed
in 3d and one might recover strict single-parameter scal-
ing at larger lengths.
From the real space-momentum space duality of the
model [(A1)], we expect another transition around V ∼
1/Vc ≈ 0.45 from a diffusive to a ballistic phase [27]. Our
results do not show any transport signature of this tran-
sition. As shown in Fig.2(d), gK(L) around V = 0.45 can
be well described by superdiffusive length scaling with an
exponent α > 1. This could be due to the fact that the
duality is not strictly valid for such finite system con-
nected to leads and due to the dichotomy between open
and closed system properties, as seen in the 1d quasiperi-
odic system [13, 14].
C. Beta function
As already remarked, the strong non-monotonicity of
even typical g(L) in 1d and 2d invalidates the applica-
tion of single-parameter scaling. However, we construct a
β(g˜), where g˜(L) is extracted from fitting a smooth curve
to the data for gT(L) and gL(L), e.g. the ones shown in
Fig.1, for several values of V shown in Figs.3(a),(b). This
is rather unambiguous procedure in 1d where the overall
L dependences of conductance in the localized, critical
and metallic states are very well described by exponen-
tially localized, subdiffusive and ballistic behaviors, re-
spectively, over several decades of L [Figs.1(a),(c)]. The
results for the respective beta functions β(g˜) in 1d are
shown in Figs.3(a),(b) across the metal-insulator transi-
tion. In Fig.3(a), β(g˜T) has separate curves for individual
phases and the critical point as well as for different se-
quences. For example, the multiple straight lines at the
critical value V = 1 are due to distinct powerlaws for dif-
ferent sequences shown in Fig.1(b). These, and the jump
of beta functions across the critical point clearly violates
the assumption of continuity in the single-parameter scal-
ing theory. Similar features are seen in β(g˜L) [Fig.3(b)].
We find g˜L(V,L) = g0(V ) exp(−L/ξ(V )) to describe
quite accurately the conductance in the localized phase,
even very close to the transition. However, the coefficient
g0, a measure of conductance at the microscopic scale `,
varies substantially with V [see inset of Fig.3(b)]. This is
unlike, e.g., that in the 1d Anderson model where g0 ≈ 1
irrespective of the disorder strength. As a result, one can
only obtain a universal β(g˜) curve for the localized phase
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FIG. 3. Beta functions in 1d, 2d and 3d. (a) β(g˜) in 1d extracted from g˜T across metal-insulator transition for various
sequences SL1,L2 , obtained by fitting with exponential decay and power law for V > 1 and V ≤ 1, respectively. Same color
with different symbols represents β(g˜T) calculated for different S and the same V . On the insulating side to make all the curves
fall on the same line we choose different microscopic conductance (g0T) for different sequence (inset). β(g˜) extracted in similar
manner for (b) g˜L in 1d, (c) g˜K in 2d and (d) g˜K in 3d (solid lines) for values of V indicated in the figure panels. In (b) and
(c) the straight lines for β(g˜L) in the insulating side (V > 1) has been collapsed to a single curve by choosing an appropriate
g0L(V ), as shown for 1d in the inset of (b). In (d) the black dashed line is the β-function calculated from the scaling collapse of
Fig.2(b).
in 1d as a function of ln(g˜L/g0(V )), i.e. after dividing gL
with appropriate g0.
To contrast the above results for beta function for
1d quasiperiodic system with that of random system,
we show in the Supplementary Information that even a
small amount of randomness, introduced, e.g., by elevat-
ing the phase φ to a random variable at each site, makes
gL(L) exponentially decaying with L but with small non-
monotonicity and hence leads to a continuous beta func-
tion for the overall conductance.
As shown in Fig.3(c), we find very similar result for
β(g˜) in 2d, extracted from, e.g., the fitting curves in
Fig.2(a). Here the beta function also jumps from a local-
ized behaviour, β(g˜) ∝ ln(g˜/g0), to a constant superdif-
fusive value β(g˜) ' 0.3 in the metallic phase, across a
subdiffusive critical state with β(g˜) ' −0.52. However,
as commented earlier, the asymptotic scaling behaviors
in 2d can only be extracted for L above a substantially
large microscopic length scale ` and hence the beta func-
tions are extracted from only a limited ranges of system
sizes.
Both the 1d and 2d results indicate strong violation of
the assumption of continuity of β(g) in single-parameter
scaling theory, even when we disregard the non mono-
tonicity of g(L) by extracting an overall smooth g˜(L)
from the asymptotic behaviors at large system sizes L.
The above procedure can not be carried out in 3d close
to the critical point, since our system sizes are limited
to much smaller values of L ≤ 30. However, since the
non-monotonicity of g(L) is much weaker in 3d and a
reasonable scaling collapse of the data could be obtained
near the metal-insulator transition, we extract the β(g)
in Fig.3(d) (dashed black line) near the transition from
the scaling fit of gK(L), shown in Figs.2(b),(c). The fit
describes the data well over reasonably large range of V
and L and hence suggests the restoration of continuity of
β(g) for the 3d quasiperiodic system, provided we neglect
the weak non-monotonic variations of g(L). In Fig.3(d),
we also show that the beta function extracted from expo-
nential fit deep in the insulating phase and from power-
law fits deep in the metallic phase is consistent with that
obtained from scaling collapse near the transition.
III. CONCLUSIONS
In summary, we have studied transport properties
in a particular class of self-dual quasiperiodic models
in one, two, an three dimensions. We have focussed
on the system size dependences of the Thouless and
open-system Landauer/Kubo conductances. Our results
uncover the intricate nature of transport in quasiperi-
odic systems, which is manifested in terms of the non-
monotonic system-size dependence of typical conduc-
tances, e.g., because of transport resonances, and a va-
riety of sub-diffusive power laws for critical transport;
these depend on the dimension, energy, and the sequences
of length we have described above.
8Our results reveal the absence of a single-parameter-
scaling description in low dimensions and a recovery of
weak single-parameter scaling in 3d; this has direct im-
plications for universality classes of metal-insulator tran-
sition in quasiperiodic systems. We plan to compute the
multifractal spectrum of the wavefunction and the Thou-
less conductance at the critical point in the 3d quasiperi-
odic model and compare it with those at the 3d An-
derson transition to verify whether they truly belong to
the same universality class. It would also be worthwhile
to look into generalizations of quasiperiodic systems to
other symmetry classes [27] from this perspective. Mo-
rover, it would also be interesting to study the implica-
tions of sub-diffusive critical states of the non-interacting
models, specially in 1d, on the Griffith-like effect seen
experimentally near the MBL transition in interacting
quasiperiodic system [43] and incorporate these critical
states into a real-space-renormalization-group framework
[44–46] for the MBL transition in quasiperiodic systems.
Appendix A: Higher-dimensional generalization of
Aubry-Andre model
We study the model proposed in Ref. [27] as a gen-
eralization of the self-dual 1d Aubry-Andre model to d
dimensions, namely,
H = t
∑
r,µ
(
eiφµc†r+µˆcr + h.c
)
+
∑
r
rc
†
rcr (A1a)
r = 2V
d∑
µ=1
cos
(
2pi
d∑
ν=1
Bµνrν + φµ
)
(A1b)
Where cr is the fermion operator at site r of a d-
dimensional hypercubic lattice and µ = 1, . . . , d denotes
Cartesian components. We choose t = 1, the matrix
B = bR with b = Φ and an orthonormal matrix R [27].
In 1d, R = 1 and
R =
[
c −s
s c
]
d = 2 (A2a)
R =
 c2 + s3 cs cs2 − cscs −s c2
cs2 − cs c2 c2s+ s2
 d = 3 (A2b)
where c = cos θ and s = sin θ. We choose θ = pi/7 for all
our calculations. For the calculations of conductance of
open system connected with leads, we use free boundary
condition in transverse directions and hence the phase
factor in the hopping term of Eq.(A1) can be gauged
away. To compare the open system conductance with
that of the closed one, we consider the Hamiltonian again
without the phase factor in the hopping to calculate the
Thouless conductance. We note that for the above trans-
port set up for a finite system the real-momentum space
duality of the model Eq.[(A1)] [27] is lost. For each finite
system with linear dimension L under periodic boundary
condition one can generate a self-dual approximation [27].
This recipe, however, is not applicable for the transport
set up. All the data points for the quasi periodic system,
shown here and in the Supplementary Information, are
results of averaging over 300 − 400 points of φ ∈ [0, 2pi)
and we checked the convergence of these data for several
parameter values with larger number (∼ 1000− 2000) of
φ averages.
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Appendix S1: Supplementary Information
1. Thouless conductance
The Thouless conductance, discussed in Sec.II A of the main text, is defined as
gT (E) =
δE
∆E
(S1)
where ∆E is the mean level spacing and δE is the geometric mean of energy level shifts, |A − P |, over an energy
window [E − w,E + w] with width w  ∆E . Here P and A are eigenvalues of the Hamiltonian with periodic and
anti-periodic boundary conditions, respectively. We calculate the energy spectrum by numerical diagonalization of
the quasiperiodic Hamiltonians considered in the main text. The energy spectrum of the Aubry-Andre model has a
Cantor set structure with bands of states separated by dense set of gaps [4, 10, 11]. We choose w to be much smaller
than the width of the principal bands. Alternatively, gT can be defined in terms of the mean energy level curvature
under a twisted boundary condition or an Aharonov-Bohm flux in a ring geometry [35, 47]. We have checked that gT
obtained from mean energy level curvature gives results similar to that in Eq.(S1). Since the latter does not require
the computation of eigenvectors, we have used Eq.(S1) to calculate gT, reported in the main text. We obtain the
mean, 〈gT〉, and the typical, 〈exp (gT)〉, conductances by averaging over φ. We also calculate g∞T , averaged over the
whole energy spectrum, as shown in Fig.S1(a) for the critical point (V = 1) in 1d. This shows the sharp resonances
and various sequences of lengths with different powerlaws, as in Fig.1(b) (main text) for gT(E = 0).
We have also calculated gT(L) in 1d for the irrational number b = 1/σs =
√
2− 1, the reciprocal of silver ratio. As
shown in Fig.S1(b), here also we get similar peaks in the conductance at system sizes related to the Pell numbers, i.e.
Pn+1 = 2Pn + Pn−1, with P0 = 1 and P1 = 2, such that σs = limn→∞(Pn+1/Pn).
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FIG. S1. (a) The infinite temperature (i.e. averaged over the full energy spectrum) Thouless conductance (g∞T ) for 1d, with
the inverse of golden ratio, (
√
5− 1)/2 as the irrational number (b) in the potential, is shown varying the system size. S’s are
the same sequences described in Fig.1. Conductance for different sequence of system size varies with different exponents α,
where gT ∝ Lα. (b) Now the irrational number is changed to the inverse of silver ratio, (
√
2− 1) and g∞T is calculated. PL1,L2
represents the sequence of system sizes (related to Pell numbers) started with seeds L1 and L2 (see S1 1). Both in (a) and (b),
the peak of the conductance appears when the system size belongs to the respective sequences.
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2. Multifractal Analysis
Motivated by the strong-non monotonicity of gT(L) in 1d [Figs.1(a),(b), main text] and multiple powerlaws in
Fig.1(b), we carry out a multifractal fluctuation analysis [30, 48] of the gT(L) data, treating it as a time series, i.e.
gT(i) ≡ gT(Li) with i = 1, . . . , N , where L1 and LN are minimum and maximum system sizes studied, respectively.
First, we do a cumulative sum of the data, i.e. y(j) =
∑j
i=1 gT(i) for j = 1, . . . , N . Then, to remove any trend from
the data, we subtract moving average from each data point. The moving average y¯(j) is the average of y(j)’s over
an interval (here we used [j − 13, j + 13]) around j. This gives us the residual sequence y˜(j) = y(j)− y¯(j). Now the
residual sequence is divide into non-overlapping segments js = 1, . . . , Ns of width s, where Ns is the largest integer
not larger than N/s− 1. The root mean square (rms) fluctuation is calculated for each segment, i.e.
Fs(js) =
√
1
s
∑
j∈js
y¯2(j) (S2a)
and various moments, i.e.
Pq =
 1
Ns
Ns∑
js=1
F qs (js)
1/q (S2b)
are calculated. These moments follow multifractal powelaw scalings with the segments length s, i.e. Pq(s) ∼ sh(q), as
shown for q = 3, 4 in Fig.1(e) (main text) at the 1d critical point.
To quantify the multifractality, we can obtain the singularity spectrum through a Legendre transform, f(α) =
q[α − h(q)] + 1, with α = ∂[qh(q) − 1]/∂q. For a more refined multifractal analysis, we use a wavelet transform the
Thouless conductance data, namely we convolve the data set with a fixed order derivative of the Gaussian funtion,
Gn(x) = dn(e−x
2/2)/dxn. This removes any polynomial trend in the data upto order n− 1 leaving only the singular
dependence. Now this power can be extracted via a log-log fitting and thus, the singularity spectrum can be obtained.
To this end, we use the codes of ref.[36]. In our calculation we use the fourth order derivative of Gaussian function.
The resulting singularity spectra f(α) for 1d Thouless conductance in the metallic phase and at the critical point
are shown in Fig.1(f). The singularity spectra computed using moments in Eqs.S2 are qualitatively similar to that
obtained via wavelet transform method.
a. Wavefunction Multifractality
The conductance multifractality obtained in the preceding section from the L dependence of Thouless conductance
directly characterizes the violation of the assumption of monotonicity in single-parameter scaling theory. As discussed
in the main text, this kind of multifractality in quasiperiodic system is quite different from well-known the wavefunction
multifractality at the critical point between metal and insulator in random system, e.g. at the 3d Anderson transition
[19]. Conventionally, the multifractality of critical single-particle eigenstates ψr is analyzed in terms of the moments
of wavefunction amplitude [19], i.e. Pψq =
∑
r |ψr|2q, which upon disorder averaging follows a powerlaw scaling
〈Pq〉 ∼ L−τ(q), with an exponent τ(q) = d(q−1)+∆q non-trivially dependent on q, as characterized by the anomalous
dimension ∆(q). We show in Fig.S2 that, much like at the 3d Anderson criticality [19], the critiacal wavefunctions of
quasiperiodic system also possess the usual multifractality in 1d as characterized by the singularity spectrum obtained
from the Legendre transform of τ(q) [37].
3. Landauer conductance in 1d
Schrodinger equation for the 1d Hamiltonian, given in Eq.(1), can be written in the latttice basis, {ψr} in the
following way (
ψr+1
ψr
)
=
(
r −1
1 0
)(
ψr
ψr−1
)
= Mr
(
ψr
ψr−1
)
=
r∏
i=1
Mi
(
ψ1
ψ0
)
= M
(
ψ1
ψ0
)
, (S3)
where r = E−2V cos(2pibr+φ) and E is the energy of interest. Iterating this equation we can calculate the amplitude
at the end points given the two starting amplitudes. This transfer matrix M is related to the transmission matrix T
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FIG. S2. (a) The scaling of different moments of the wave function of the 1D Hamiltonian, Pψq ∼ L−α, averaged over all energy,
is shown here. (b) Shows the anomalous dimension. (c) The singularity spectrum shows the multifractal nature.
via a transformation [49],
T = Q−1MQ, (S4)
where
Q =
(
1 1
e−ik eik
)
. (S5)
Here the disordered region is considered to exist for N > i > 0 and V = 0 at all other points, with transmitted wave
amplitude ψ−1 = eik and ψ0 = 1 for a wave propagating from i > N region to i < 0. The Landauer conductance is
given by
gL =
|t|2
|r|2 , (S6)
where t and r is the transmission and reflection amplitude in the transmission matrix. The Landauer conductance
gL(L) is shown in Figs.S3(a)-(d) for metallic and critical states. The strong non-monotonicty in gL(L) is evident.
4. Kubo conductance
The open-system (dimensionless) conductance at energy E for the system described by the quasiperiodic Hamil-
tonians [Eqs.(1),(A1)] connected with non-interacting leads at the two ends along x direction is given by the Kubo
formula [23, 42],
gK(E) = 2Tr[Iˆ
x(x)Gˆ′′(E)Iˆx(x′)Gˆ′′(E)]. (S7)
Where G” = (1/2i)(G− −G+) is obtained in terms of the Green’s functions G±(E) = (E −H ± iη)−1, H being the
Hamiltonian of the whole system including the leads. The current operator is
Iˆ(j) = it
∑
l
(|j − 1, l〉〈j, l| − |j, l〉〈j − 1, l|) (S8)
l is the index to represent sites on any slice j perpendicular to the direction x. The conductance then simplifies to
gK = 2Tr[2G
′′(j, j)G′′(j − 1, j − 1)−G′′(j − 1, j)2 −G′′(j, j − 1)2]. (S9)
The trace is over l i.e in the transverse direction. We evaluate the conductance by calculating the Green’s functions
in Eq.(S9) via the standard recursive Green’s function method described in refs.[23, 25, 50]. The attached leads have
same width as that of the system and we use hard-wall or open boundary condition in the transverse directions.
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FIG. S3. (b)-(e) have the same axes labeling as (a). (a)-(d) gL(L) for 1d, both in metallic side and at the critical point,
are shown. (e) In the presence of randomly chosen phase at each site, from a uniform random disorder [−∆φ/2,∆φ/2], the
system becomes insulator for any nonzero value of V and ∆φ, which indicates the perturbation to be relevant.For a weak phase
disorder the monotonicity of gL(L) is still present. The data points are averaged over 3000 disorder realization. (f) Ignoring
the L dependent fluctuation in weak disorder a continuous β function is obtained, hence the single-parameter scaling theory is
recovered for the large length scale behavior of the conductance.
5. Beta function calculations
To extract the beta functions in Figs.3 (main text), we carry out linear fitting for the ln g vs. lnL curves in the
region V ≤ 1 and, for V > 1, we do the same for ln g vs. L curves. This gives a powerlaw dependency of conductance
on L for metallic phase (V ≤ 1) and exponential dependency in the insulating regime (V > 1). The scaling-theory
beta function β(g) = d ln g/d lnL is calculated by taking logarithmic derivative of the fitting curves. In 3d, close to the
critical point. we perform a scaling collapse of the data following ref.[26]. To this end, we assume a single-parameter
finite-size scaling form for the conductance, namely
ln g = F(ΨL1/ν) (S10)
The relevant scaling variable Ψ, in terms of dimensionless parameter v = (V − Vc)/Vc, is approximated as Ψ =
Ψ1v + Ψ2v
2 and expand the scaling function F upto third-order polynomial. We minimize the quantity ∑i(ln gi −
F(ΨiL1/νi ))2 to obtain the fitting parameters, Vc, ν, Ψ1, Ψ2 and the coefficients of the third-order polynomial, where
index i represents each point of the data set {V,L}. Once the scaling function F(x) is known in terms of these
parameters, we calculate the smooth β function in 3d near the metal-insulator transition at Vc ' 2.2, as shown in
Fig.2(d).
a. Effects of phase disorder
In Fig.S3(f), the results for β(g˜L) is shown for a 1d model where we modify the quasiperiodic potential in Eq.(1)
from cos(2pibr + φ) to cos(2pibr + φr) with φr an uncorrelated random phase at each site chosen uniformly from
[−∆φ/2,∆φ/2]. The phase randomness, even if weak, leads to localization, as eveident from exponential decay of
conductance with L in Fig.S3(e), even for V < 1. As expected for a random system, one gets back a continuous beta
function, considering the conductance dependence on long window of system sizes, i.e. ignoring the non-monotonicity
with L at small lengths, for weak strength of the randomness, in contrast to that in Fig.3(b). As shown in Fig.S3(e), the
bare gL(L) has a non-monotonic behavior with L in the presence of weak phase randomness, but the non monotonicity
goes away as the randomness increases, completely restoring single parameter scaling theory even for moderate strength
of disorder.
